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Abst rac t - -Quadrat i c  ylinders are considered as models for strata occurring along linear fault 
lines. The question as to whether the cylinder can be recovered from the curve of intersection with 
the surface of a bore hole sample is then addressed. Basic techniques from algebraic geometry are 
used to show that there are at most two irreducible quadratic ylinders having the same bounded 
but infinite intersection with the surface of a right circular cylinder and each of the two is uniquely 
determined from the other. (~) 2000 Elsevier Science Ltd. All rights reserved. 
Keywords - -Bore  holes, Quadratic surfaces. 
1. INTRODUCTION 
One explanat ion as to how oil is deposited is that  mult iple layers of organic mater ia l  are compacted 
by layers of sediment and through heat and pressure the organic layer is converted to oil. S t ra ta  
are f ractured over t ime by tectonic forces allowing the oil access to porous layers in which to 
percolate upward unti l  t rapped by an impenetrable ayer of sediment. The locat ion of the t rapped 
reservoirs of oil is the central problem. Bore holes are used to provide data  from which to 
determine a mathemat ica l  model  for the strata.  The surface of a s t ra tum traces a curve on the 
surface of the bore hole, thus mot ivat ing the problem of recovering the surface from this curve. In 
mathemat ica l  terms: determine the equation of a surface g(x, y, z) = 0 given its intersection with 
a r ight circular cyl inder. In general, the curve of intersection will essential ly be the intersect ion 
of a plane with the bore hole surface since a s t ratum is relatively flat away from its apex and 
the bore hole has very small radius. However, when curvature is evident or a good model  of the  
ambient  s t ra ta  is known, a surface g(x, y, z) = 0 with g a degree two polynomial  could provide a 
bet ter  clue to the locat ion of the oil. Contrary  to the case of l inear approximat ions,  it is not in 
general possible to determine a quadrat ic  surface uniquely from its intersection with a cyl inder, 
for if f = 0 defines a right circular cyl inder C, then g = 0 and h = c f  + dg = O, c, d c JR, have 
the same intersection with C. For example, families of paraboloids can intersect a right circular 
cyl inder in the same circle. Not all quadrat ic  surfaces need, however, be considered. The choice 
of the type of degree two surface is dependent on various assumptions as to how tectonic forces 
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act as well as the composition of the strata. For tectonic forces occurring along linear fault lines, 
our choices of quadratic surfaces are certain (affine) ruled surfaces called cylinders: surfaces 
defined by quadratics which in canonical form are degree two polynomial in two variables; or 
equivalently, P x R with P a planer quadratic urve. We consider herein only the question as to 
the uniqueness of a cylinder g given its curve $ of intersection with the surface of the bore hole 
and assume throughout that S is a bounded infinite set. It is shown that when the cylinder is 
not a finite union of planes, then there is at most one other cylinder whose intersection with the 
core sample is also S. In the case of a parabolic ylinder, the other cylinder with intersection S 
is also a parabolic cylinder given by a flip, rotation, and translation of the first. On the other 
hand, a hyperbolic ylinder and an elliptical cylinder can have the same intersection with the 
core sample. 
2. IDEALS GENERATED BY  QUADRATICS  
Set A = R[x,y,z], A' =R[x ,y ] ,  and f = f (x ,y )  = x 2+y2-1 .  Let D = A ' / fA ' .  Unless 
otherwise stipulated, the degree of a polynomial will mean the homogeneous degree, i.e., the 
highest degree of the homogeneous components of the polynomial. Set eh ---- 0 if h = 0 and 1 
otherwise. R × denotes the group of units of a ring R. 
LEMMA 1. 
(1) The class group o lD  is an elementary two-group. 
(2) I f  l(x, y), k(x, y) ~ A t with l(x, y) linear and k(x, y) a quadratic with no real zeros in 
common with l(x, y), then J = l(x, y)A ~ + k(x, y)A' is a prime ideal. 
(3) D has basis 1,y asan R[x] module. I f (r(x)+s(x)y)(a(x)+b(x)y) = u(x)+v(x)y in D, then 
max{deg r(x), es( l+deg s(x))}+max{deg a(x), eb(l+deg b(x))} = max{deg u(x), %(1+ 
deg v(z))}. 
(4) D x = R x .  
PROOF. 
(1) D(i) = C[u, u -1] with u = x + iy and C = R(i) the field of complex numbers. Thus, D(i) 
is a principal ideal domain. If I is an ideal in D, then ID(i)  = dD(i) so I2D(i) = dd*D(i), 
* denoting complex conjugation. Since JD ( i )AD = J for any ideal J in D, 12 is principal. 
(2) Set u = l(x,y) = px+qy+r  and v = y or x according as p # 0 or p = 0. Now 
set k(x, y) = au 2 +buv + cv 2 + du + ev + j. Thus, k(x, y) =- cv 2 + ev + j = h(v) mod uA'. 
If h(v) has a real zero, then l(x, y), k(x, y) have a common real zero, a contradiction. 
Thus, h(v) is irreducible over • and it follows that J is a prime ideal. 
(3) Obviously, 1, y is an R[x] basis for D. Let N = norm from D to R[x]; i.e., N(r(x)  + 
s(x)y) = r(x) 2 + s(x)2(-1 + x2). Thus, (3) follows by observing that N is multiplicative 
and deg g( r (x )  + s(x)y) = max{2 deg r(x), e8 (2 + 2 deg s(x))}. 
(4) The norm of a unit in D must have degree 0, thus, the result follows from (3). | 
A quadratic surface in ~3 is the solution set Z(g) of the equation g = 0 where g is a degree 
two polynomial in R[x, y, z] such that Z(g) is not finite. Let g denote the quadratic surface Z( f ) ,  
f = x 2 + y2 _ 1; i.e., C is a right circular cylinder of radius 1. H(g) denotes the matrix of the 
Hessian of g, i.e., the matrix of second partials, and V(g) is the gradient of g. 
THEOREM 1. Let Z(g) be a quadratic surface in ~3 and assume that the intersection S of C 
with Z(g) is infinite and bounded. Then I = f A + gA is a prime ideal for ali but the exceptional 
cases g = a(z - r (x,y))(z  - s(x,y)) + cf, a ~ O, c c I~, r(x,y) and s(x,y) E A' of degree 
at most 1 and g = l(x,y)(z - j (x ,y) )  + ef, l (x ,y) , j (x ,y)  e A', l(x,y) of degree 1 with no 
zeros on the unit circle, and l (x ,y) j (x ,y)  of degree at most 2. In the exceptionaJ cases, I is 
the intersection of the two prime ideals P = (z - r(x, y))A + fA ,  Q = (z - s(x, y))A + fA  if 
r(x, y) ~ s(x, y); I = (z - r(x, y))2A + f A has radical the prime ideal (z - r(x, y))A + f A in the 
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event r(x,y)  = s(x,y); and I is the intersection of the prime ideals P = (z - j (x ,y ) )A  + f A, 
Q = l(x, y)A + fA  in the last event. 
PROOF. Set g -- rz 2 ÷ l(x, y)z + k(x, y) with r E R and l(x, y), k(x, y) E R[x, y], l(x, y) of degree 
at most 1 and k(x, y) of degree at most 2. Assume first that  r = 0. We claim that l(x, y) has 
no zeros on the unit circle; i.e., if (a, b) C R2 then l(a, b) = f(a, b) = 0 is not possible. First, 
note that  l(x, y) and k(x, y) cannot have a common zero (a, b) on the unit circle since such a zero 
gives an unbounded set ((a, b, t) : t E ]t() of common zeros for f and g. Thus, if (a, b) were a 
zero of l(x, y) on the unit circle, then k(a, b) ~ O. Pick an open set U about (a, b) containing no 
zeros of k(x, y). We can now select an unbounded subset of the zeros of f and g consisting of 
( ( r , s , t ) :  (r,s) e U, (r,s) is not on the line l (z,y) = 0 and t = -k ( r , s ) / l ( r , s ) )  (note that l (x,y) 
is not identically zero for otherwise any zero (a, b, c) of f and g gives a zero of l(x, y) and k(x, y) on 
the unit circle. Thus, the real zeros of l(x, y) lie on a line). It remains to show that  if l(x, y) = 0 
has no solutions on the unit circle, then I is a prime ideal or k(x, y) is divisible by l(x, y)rood f .  
By Lemma 1(1), 2 l(x, y) D + l(x, y)k(x, y)D + k(x, y)2 D = dD, the overbar - -  denoting the 
projection from A' to D. By Lemma 1(2), applied to l(x, y), f (x,  y), l(x, y)D is a prime ideal and 
since D has Krull dimension 1, dD l(x, y)D, 2 = l(x, y) D, or D. In either of the first two events, 
l(x, y) divides k(x, y )modf .  In the last event, ~ is a primitive linear polynomial in D(i)[z] and 
hence, a prime element of this ring. Consequently, IC[x, y, z] is a prime ideal and therefore I is 
a prime ideal. We can assume now that k(x, y) =- l(x, y)j(x, y)mod fd '  and that l(x, y) is linear. 
Lemma 1(3) implies that  j (x ,y)  has degree at most 1. Thus, g = l (x,y)(z - j (x ,y) )  + cf with 
c E A. A degree argument now shows that c is a scalar. 
The final case is with r ~ 0. Let B = C[x, y, z] = AC. We may assume that I is not prime 
and therefore IB  is not prime since A/ I  is a subring of B/B I  as A N B I  = I. Since D(i) 
is a principal ideal domain, we need only investigate the factorization of the image ~ of g in 
D(i)[z] = B / fB  since [ = ~D(i)[z] is not prime. Since ~ is a quadratic in z and may be assumed 
monic, .0 factors as the product of two linear polynomials fi = z - h, ~ -- z - ~t in D(i)[z]. Thus, 
fB  + gB = P n Q with P = uB + fB ,  Q = vB + fB  prime ideals in B. Since P n Q = P* n Q*, 
P = P* and Q = Q*, or P -- Q*. In the first event, fi and fi* are associates in D(i)[z] as are 
v andS* .  Thus, g = (z -a ) (z -b )modfBwi tha ,  bE D(i) anda=a* ,b=b* .  Now D is the  
set of fixed points of * acting on D(i). Hence, a,b E D and g = (z - a)(z - b) in D[z]. In the 
event P = Q* ¢ P*, P and Q are distinct primes and it follows that fB  + gB = P n Q. Now 
fA+gA = PNQNA and QNA = Q*NA = PNA which is a prime ideal. This case therefore does 
not occur. Now g = z 2 + l(x, y)z + k(x, y) with l(x, y) of degree at most 1 and k(x, y) of degree at 
most 2 and since the projection ~ in D[z] has roots in D, l(x, y)2 -4k(x ,  y) = (a -b )  2 is a square in 
D, say e(x, y)2. Set e(x, y) = r (x)+s(x)y mod f A, l(x, y) = m(x)+qy, k(x, y) = c(x)+d(x)y+ey 2 
with m(x) ,d(x)  of degree at most 1, c(x) of degree at most 2, and e, q E R, and expand the 
discriminant relation. Lemma 1(3) implies that e(x, y) - j (x, y)mod fA  with j (x, y) of degree 
at most 1. Thus, g = (z - re(x, y))(z - n(x, y)) ÷ cf with m(x, y), n(x, y) at most degree 1 and 
a degree argument shows that  c E ~. I 
THEOREM 2. If  the intersection S of the cylinder C with a quadratic surface gl = 0 is bounded 
and infinite and if g2 = 0 is any other quadratic surface intersecting C in S, then 3c 7 ~ O, d E R 
such that g2 = c(gl + dr) or one of the following holds: 
(1) gi = li(x, y ) (z - j (x ,  y) ) + ai f  , li(x, y) has no zeros on the unit circle and degree at most i, 
one of the li(x,y) has degree one, and l i (x ,y) j (x,y)  has degree at most 2, i = 1,2; 
(2) g.i = l (z ,y)(z  - j (x ,y) )  ÷ air, gj = b(z - j (x,y))2 ÷ ajf ,  b E R ×, ai,aj E ]~, j (x ,y )  
and l(x,y) of degree at most 1, l(x,y) with no zeros on the unit circle, ( i , j )  ~- (1,2).  
PROOF. Set Ii = giA ÷ fA ,  i = 1, 2. Note that gi ~ fA  since the common zeros of gi and f are 
bounded. Since fA  is a prime ideal, it follows that any prime containing Ii must have height at 
least 2. If I1 =/2 ,  then since gl,g2 generate the same ideal in A/ fA ,  gl,g2 differ by a unit in 
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this ring. By Lemma 1(4), g2 = cg lmodfA  for some c E R ×. Thus, g2 = c(gl ÷dr)  and d C R 
by a degree argument. We may assume therefore that I1 ~ /2. In this event, we claim that 
not both are prime ideals. For if both were prime then since they have height 2 (two generator 
ideals cannot have height 3), M = I1 +/2  has height 3. The height does not change by passage 
to C[x, y, z] and therefore MC[x,  y, z] has, by the Nullstellensatz, only finitely many zeros, a 
contradiction to the assumption that S is infinite. We may now assume without loss of generality 
that I1 is not a prime ideal and consider the various cases. 
CASE /2 IS PRIME. As in the previous case,/2 must contain I1 since I1 +/2 cannot have height 3. 
We consider the various cases for I1 given in Theorem 1. If I1 is the intersection of two distinct 
primes P, Q as specified in Theorem 1, then one of these must be /2, say P, since P, Q have 
height 2. Note that P + Q has only finitely many zeros since it has height 3. Moreover, the real 
zeros of Q c 8 = zeros of P, hence, Q has only finitely many real zeros. The only exceptional g in 
Theorem 1 for which I = gA + fA  is the intersection of two distinct primes with one of the primes 
having only finitely many real zeros is g = gl = l(x, y)(z - j (x ,  y)) + a f  with l(x, y) of degree 1 
and j ( x ,  y) of degree at most 1 (since I1 is the intersection of 2 distinct primes, l(x, y) cannot be 
a constant). Hence, P = (z -  j (x ,  y ) )A  + fA  and it follows as above that g2 = c (z -  j (x ,  y ) )+ df 
for some c E •×,d E ~. By Theorem 1, the other possibility is that I1 has prime radical, in 
which case rad I1 =/2  and here (2) of Theorem 2 holds. 
CASE NEITHER I1 NOR /2 ARE PRIMES. We first take the case Ii is the intersection of distinct 
prime ideals Pi ,Qi ,  as given in Theorem 1, i = 1, 2. Note that S is the union of the real zeros of 
the ideals P1 + P2, P1 + Q2, Q1 + P2, Q1 + Q2 and since one of these ideals must therefore have 
infinitely many real zeros, we see that P1 = P2 or Q2, or Q1 = P2 or Q2 since each of these ideals 
has height 2. Reindex as to assume P1 = P2 = P has infinitely many real zeros. If Q1 (or Q2) 
has infinitely many real zeros, then since the zeros of Q1 c zeros Pt2 zeros Q2, we conclude 
that Q1 = Q2 by observing that the two have infinitely many zeros in common and are height 
two primes. But then I1 =/2 ,  a contradiction. Thus, both Q1 and Q2 have finitely many zeros. 
In this case, Theorem 1 implies that the gi satisfy Condition (1) of the theorem. 
Now assume that I1 is not prime or the intersection of two distinct primes. Then Theorem 1 
implies that /2  is the intersection of two distinct primes P, Q (if I1 and/2  have the same radical 
then we conclude from Theorem 1 and remarks above that 11 = 12). Note that if P has infinitely 
many real zeros, then P = rad I1. Since one of P, Q has infinitely many real zeros and the two 
are distinct, we can assume that P = rad I1 and that Q has finitely many real zeros and conclude 
from Theorem 1 that (2) of the theorem holds. | 
REMARK. The surfaces for the exceptional g = g~ of the previous theorem are somewhat special. 
CASE g : l ( x ,y ) (z -k (x ,y ) )+af ,  WITH l (x ,y)  LINEAR AND k(x ,y)  OF DEGREE AT MOST 1. By 
replacing z with z - k(x ,y) ,  we can assume k(x ,y)  = O. If a = 0, then g = 0 has graph two 
planes. Set l(x, y) = rx + sy + t and assume a ~ 0. Thus, g = a(x + rz /2a)  2 + a(y + sz/2a)  2 - 
(r 2 + s2)z2/4a + tz - a = au 2 + bv 2 - r 2 + s24a(z - 2atr 2 + s2) 2 - a(t2r 2 + s 2 - 1) which is a 
hyperboloid of one or two sheets if t 2 ~ r 2 + s 2. If t 2 -- r 2 + s 2, then g = 0 is an elliptic cone. 
We have of course made a linear change of variables which need not be a distance preserving 
map of 1~3. However, the rank of H(g) is preserved. Thus, H(g) has rank 3 or g = 0 defines two 
planes. 
CASE g = (z - - l (x ,y ) )  2 +af .  Again, l (x ,y)  has degree at most 1. I fa  = 0, then g = 0 is a plane. 
If a ~ 0 then, by a change of variables, we can assume g = z 2 + a f  and H(g) has rank 3. 
Note that if H(g) has rank 3, then by an orthogonal change of basis followed by a translation 
and scaling g = m(u, v, w) = +Au 2 ± Bv  2 ± Cw 2 + d with d = 0, 1, or -1 ,  A, B, C positive real 
numbers. If H(g) is positive (negative) definite, g = 0 is a single point when d = 0, an ellipsoid 
if d = -1  (d = 1), and empty when d = 1 (d = -1) .  If H(g) is indefinite, then g = 0 defines two 
elliptical cones when d = 0, and an elliptical hyperboloid otherwise. 
Bore Hole Samples 29 
3. INTERSECTING CYL INDERS 
Let Aut (R 3) denote the group of distance preserving bijections of Rs, i.e., the group generated 
by the orthogonal group O(]R 3) and the translations of R 3. V(H(g)) is the row space of H(g), 
and V(V(g))  denotes the real vector space generated by {•(g)(P) ,  P c 11(3}. 
We now consider the case of certain (affine) ruled quadratic surfaces called cylinders: a cylinder 
is a quadrat ic surface Z(g) for which 3s • Aut(R 3) such that  g = h(u,v) E ]R[u,v] where 
(u, v, w) = s(x, y, z). 
PROPOSITION 1. The following are equivalent for a quadratic surface Z(g): 
(1) Z(g) is a cylinder; 
(2) V(V(g))  is contained in a plane; 
(3) Rank H(g) = 2 and V(g)(0) • V(H(g)), or rank H(g) < 1. 
Moreover, if Z(g) is a cylinder, then Z(g) is an elliptical cylinder if H(g) has rank 2 and is 
positive semidefinite; Z(g) is a hyperbolic ylinder if H(g) has rank 2, H(g) is indefinite and g 
is irreducible; Z(g) is two intersecting planes if H(g) has rank 2 and g is reducible; Z(g) is a 
parabolic cylinder if H(g) has rank 1 and g is irreducible; and Z(g) is two parallel planes or a 
single plane if H(g) has rank 1 and g is reducible. 
Let s • Aut(R 3) with (u, v, w) = s(x, y, z) and g = h(u, v) • JR[u, v]. Since V(g) = 
~7(h) o D where D is the derivative of s, dim Y(V(g))  = dim Y(~Y(h)) <_ 2. 
Since V(g) = (z ,y,  z)H(g)+V(g)(O), v (g(g) )  C V(V(g))  so H(g) has rank at most 2. 
If g(g) has rank 2, then V(g)(0) • v(g(g) )  since otherwise, {(x, y, z)H(g)+V(g)(0)} 
generates a space of dimension 3. 
(3) =~ (1): By an orthogonal change of variables, we may write g as Au 2 + By 2 + Cu + Ev + 
Fw + G and by a translation, we may assume that C = 0 (respectively, E = 0) 
if A ~ 0 (B # 0). If H(g) has rank 2, then AB ~ 0, hence, C = E = 0. As 
above, V(g) - V(g)(0) = (2Au, 2By, -F )  o D where D is the derivative of the change 
of basis. Since V(g)(0) • V(H(g)), {(2Au, 2Bv , -F )}  generates a two-dimensional 
space. Thus, F = 0. If AB > 0 then since Z(g) is infinite, GA < 0 and Z(g) is 
an elliptical cylinder. If AB < 0 and G = 0, then g is reducible and Z(g) is two 
intersecting planes, while if G ~ 0 then Z(g) is a hyperbolic cylinder. If B = 0, 
then g = Au 2 + Ev + Fw -t- G defines a parabolic cylinder if E or F ~ 0, a plane 
if E = F = G = 0, and two parallel planes if E = F = 0, AG < O. | 
Let Z(g) be a cylinder and assume that Z(g) intersects the right circular cylinder C in a 
bounded infinite set S. The question we wish to consider is how $ determines g. Let Z(h) be 
any other cylinder which intersects g in S. If (g, h) is one of the exceptional pairs (1) or (2) of 
Theorem 2, then ,S is the intersection of a plane z - j (x ,  y) = O, j(x, y) linear, with C and clearly 
l(x, y)(z - j ( z ,  y)) with l(x, y) linear and having no zeros on C will also have intersection S with C 
as will c(z - j (x ,  y))2, c a nonzero constant. These, however, are the only cylinders which will 
produce $, for if Z(h) is not a finite union of planes, then the pair (g, h) is not exceptional and 
therefore h = c(g + df) with c, d • R. The discussion immediately following Theorem 2 shows 
that  if such an h is a cylinder, then d = 0. Consequently, we have the following. 
COROLLARY 1. If the cylinders Z (g ) , Z ( h ) have the same bounded but infinite intersection with C, 
then either h = c(g + dr) with c ~ O, d E R, or Z(g) and Z(h) are finite unions of planes. 
Assume now that  Z(g) is a cylinder and h = c(g+df)  with c,d E IR and c ~ 0. We will 
investigate the conditions on c, d in order for Z(h) to be a cylinder. In the event that  Z(g) is a 
finite union of planes we have already concluded that  d = 0 (see the comments on the exceptional 
case following Theorem 2), hence, we may assume that  g is irreducible and that  c = 1. Let 
(gij) = H(g). Then H(h) = H(g) + dH(f)  and since det H(g) = O, Z(h) a cylinder implies that  
PROOF.  
(I) ~ (2): 
(2) (3): 
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det H(h) = 0 = 2d[g33(2d + gm+ g22) - g23 - g23]. Thus, if d ~ 0 then g33 ~ 0 implies that 
there is a unique d such that H(h) has rank < 2. If g33 = 0 andd ¢ 0, then-g223-g123 = 0 
whence g23 -- g13 -- 0. Since the intersection of Z(g) with C is bounded, it follows in the latter 
event that g has a linear term in z, i.e., V(g)(0) = (gx,gg,gz) with gz ~ O. Since V(g)(0) is 
therefore not in V(H(g)), it follows from Proposition 1that H(g) has rank 1. Likewise, since Z(h) 
is a cylinder, it follows that H(h) has rank 1. Therefore d = -(gin + g~2)/2. Thus, we have the 
following. 
COROLLARY 2. There are at most two irreducible cylinders having the same bounded but infinite 
intersection with the circular cylinder g. 
EXAMPLE 1. Let us consider the case of a parabolic ylinder Z(g) intersecting C in a bounded 
infinite set $. Thus, g can be transformed by an orthogonal change of variables followed by a 
translation (x, y, z) --* (u + m, v + n, w + p) transforming  to ju  2 - kv with j, k C •×. We can 
assume that j = 1 by replacing with g/j.  Any other quadratic Z(h) intersecting C in $ must 
satisfy h = d(g + el)  with d, e real and d can be assumed 1 for the argument which follows. What 
quadratic surfaces occur with e ~ 0? Express g as (ax+by+cz+m)  2 -k ( rx+sy+tz+n) .  Since 
det H(h) = 8c2e 2, c ~ 0 implies that H(h) has rank 3 and Z(h) is an ellipsoid, two cones, or a 
hyperboloid. Assume then that c = O. H(h) will have rank 2 if e ~ - (a  2 + b2). If e > 0, then 
H(h) is orthogonally equivalent to a diagonal matrix with diagonal entries 0, p, q with p, q positive 
and in this event, h = 0 defines either an (elliptical) cylinder or an (elliptical) paraboloid. The 
case of an elliptical cylinder cannot occur since t ~ 0 (otherwise, S is unbounded) and therefore, 
V(h)(0) ~ V(H(h)).  If - (a  2 + b 2) < e < 0, then the diagonal entries may be taken as 0, p, q with 
p < 0, q > 0. In this event, we obtain a hyperbolic paraboloid (again the hyperbolic ylinder 
cannot occur since t ~ 0). If e < - (a  2 + b2), then both p, q are negative and we reach the same 
conclusion as in the case p, q are positive. The final case is when e = - (a  2 + b2). In this case, 
H(h) has rank 1. In this last event h is another parabolic ylinder since h is irreducible as it is 
linear in z. 
COROLLARY 3. Let $ be the intersection of a parabolic cylinder Z(g) with C and assume that S 
is infinite but bounded. If Z(h) is any other cylinder whose intersection with C is S, then 
0 2 
Z(h) is a parabolic cylinder and there is a constant c such that h = cg, or ~z = 0 and h = 
0 2 ) + + g). 
EXAMPLE 2. The above result fails for hyperbolic and elliptical cylinders in that a hyperbolic 
cylinder can have the same intersection with C as an elliptical cylinder. For example, g = 
x 2 - z 2 + 1 and h = g -  f = _y2 _ z 2 + 2. 
EXAMPLE 3. Corollary 2 need not hold for quadratic surfaces other than cylinders. Let us 
consider for example the case of paraboloids g = 0 intersecting f = 0 in a bounded infinite set S. 
In this event, g = (ax + by + cz) 2 + (rx + sy + tz) 2 + (kx + jy  + mz) + n with the change of 
basis matrix nonsingular. Since g is not one of the two exceptional cases, any other quadratic 
surface h = 0 with the same intersection $ with f = 0 must be of the form h = d(g + e f) .  For 
what values of e is h = 0 also a paraboloid? There are two cases to consider: c, t = 0 or one 
ofc,  t ~ 0. In the event bothcandt  are zero, m ~0.  NowH(h /d)  = H(g)+2eI2 which is 
definite, indefinite, or rank < 1 depending on the location of e with respect o the eigenvalues 
of H(g). If H(g) has distinct eigenvalues, there will be an infinite family for each of paraboloids 
and hyperbolic paraboloids and two parabolic ylinders at the values of -e  = hi, the eigenvalues 
of H(g). If H(g) has only one eigenvalue, then one gets an infinite family of paraboloids and one 
parabolic ylinder. In the event c or t ~ 0, then there is a unique e for which H(h) has rank <: 3. 
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